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COMPETITIVE STABILITY UNDER WEAK GROSS SUBSTITUTABILITT; 

HI "EUCLIDEAN DISTANCE" APPROACH 

By 

Kenneth J. Arrow and Leonid Hurvicz 

Stanford University 

1.  Introduction. 

1,1. In earlier papers [3], [1], the global stability of the con^etltlve 

equilibrium was Investigated under different assumptions on the excess demand 

functions. For the most part, the dynamic assumption was that the price of 

each commodity moved proportionately to its excess demand; there may or may 

not be a commodity distinguished as numeraire whose price is held fixed at 1. 

Let there be m+1 commodities, numbered 0, •-•,ra ; the numeraire, if 

any, is commodity 0 . Let P  be the price of commodity k , P the vector 

with components P  (k=0, •••,m) , and p the vector with components P, 

0=1, •••,m) ; the components of p are sometimes also denoted by p . Let 
J 

F (p) be the excess demand for commodity k at price vector P ; ve assume. 

(W)     P • F(P) » 0 , 

and for each k =0,1, ■ 

(H) 

(C) 

(B) 

, m 

F (P)  is homogeneous of degree 0 ; 

F (P) Is continuous; 

F (P)  is bounded from below. 

Assumption (H) 13 usual and follows from utility maximization subject 

to the budget constraint. 

k 1 
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The assumption (C) of continuity is to be understood here in an 

extended sense which permits positive infinite values of demand (negative 

infinite values are excluded by (B) . If F (P) is finite at some P , 

then continuity has the usual meaning; if infinite, then continuity means 

that 

lim  F (Pn) = + oo , 
n -»oo J 

for any sequence  {Pn) converging to P *-'  It may be remarked that, because 

of assumptions  (W) and (B) , F (P) can only be infinite when P = 0 . 

Admitting infinite excess demands for free goods does not seem unreasonable; 

however, if the reader prefers to insist on continuity in the stricter sense 

which requires finite-valuedness, all the results of this paper will, of 

2/ course, be a fortior* true.-' 

Assumption (W)  is Walras' Law. 

Assumption (B;  is reasonable for the case cf pure trade, in which 

case the maximum excess supply, which an individual can offer, is his 

initial holdings (see also [2], Section 2). 

1.2. If (a) there is no numeraire, the dynamic system i( 

='  Cf. [3], Theorem 7 and footnote 36; also [2], Section 2. 

-/ It should be noted that the excess demand function resulting from maxi- 
mizing any utility function with the frequently-assumed property of 

m 
positive marginal utilities (e.g., XH0^.10« xw "k > 0^ wil1 ten<i 

k«0 
to infinity as the corresponding price tends to zero; the function is 
continuous in the extended sense used here, but is not bounded as price 
varies over the unit simplex. 

■Jlfr.: 
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(1) 

Pk - 0 If Pk - 0 ,   Fk(P) < 0 , 

■ F (?) otherviee  (k-0, •••,m) . 

If (b) there Is a nui^raire, let f .(p) • rfirf    ^  the excess demand 

for cormnodlty J as a function of P^'^P. . ^en P0 - 1 . The dynamic 

system in this case is 

(2) 

dp /dt =0 if Pj = 0 '  fjfP) <  0 ' 

. fjCp) (j .l,...,m) 

In both cases, the price of each commodity (other than numeraire) varies 

proportionately to excess demand with an exception to prevent prices from 

becoming negative. By choice of suitable units of measurement, we may 

assume that the rate of change of prices equals excess demand; i.e., there 

is no loss of generality In choosing all proportionality coefficients equal 

to unity. 

The dynamic system (l) will be referred to as the non-numeralre system, 

(2) as the numeraire system (the less descriptive terms, "non-normalized," 

and "normalized," respectively, were used in [l]. Section 2). 

1.3. In [3] and [l] considerable attention was given to the case where 

the commodities are all gross substitutes, the.:, is dF /dPk > 0 , for all 

J ji k . It was showr that both the numeraire aM non-numeraire systems were 

stable in the (rather strong) bense that, beginning with any starting point, 

the solution of the differential equations (l) or (2) converged to the 

" 

! 

■ 



. 

mmmmm mm 

(unique) equlllbriua point («ee [l]. Section k).    Two method« of proof were 

given; in one, the "maximuni norm" method, it wa» ihown that the expreaaion, 

n>ax l(Pk/Pk) - 1| , 
k 

where P is any equilibrium point, was necesaarily decreasing along any 

solution of (l) or (2) which did not start from an equilibrium point.  In 

the second, the "Euclidean distance" approach, it was shown similarly that 

the square of the distance to any equilibrium, 

a 
S (Pk - Pk)

2 , 

was decreasing along solutions of (l) and (2). The last fact follows from 

the statement that 

(3) P •?{?) > 0 ,  provided P is equilibrium am1, P is not. 

Statement (3) can, as shown in [3], p. 53^i be interpreted as saying that 

Samuelson's Weak Axiom of Revealed Preference holds between any pair of 

3/ price vectors of which exactly one is an equilibrium price vector.«" 

In subsequent unpublished work, Uzawa [6], McKenzie [k]$   and Morishima 

[5], extended these results to the case where the commodities are weak gross 

substitutes, that is, where it is only assumed that 

(S) ^j/^k - 0  for a11 J ^ k 

2/ This is, of courte, considerably weaker than assuming that the Weak 
Axiom of Revealed Preference holds for all pairs of price vectors. 

———       ~ r-— 
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All three Bade as«uflv>tlona which laplied the existence of an equil*' "'IJ 

price vector vlth all components positive. In this note we remove these re« 

strlctlons by an extension of the "Euclidean distance" argument. That Is, w 

Bhow that (S)  In conjunction with t,he other assumptions is sufficient to 

imply stability even if the equilibrium points have some zero components. 

l.h.    In the case of weak gross substitutes the equilibrium is noc 

necessarily unique. As a result, there is more than one conceivable meaning 

of stability. Both Uzava and McKenzie demonstrate the following property, 

called by Uzawa "quasi-stability" ([?], pp. 3-^): every solution (path) 

of the differential equations (i) or (2) Is bounded and the distance from 

the moving point to the set of equilibria approaches zero. It does not 

follow from quasi-stability that the solution approaches any limit; for 

instance. It might oscillate in some way about the set of equilibrium 

polntß. Tue "Euclidean distance" method, however, establlshee that in fact 

each solution does converge to a limit, which must, of course, be an equi- 

librium. Thus we establish the stability of the system in the sense used 

in [31, p. ^k.y 

1.5- In this paper we confine ourselves to the dynamic systems (l) 

and (2).  In [l], Theorem 1, it was shown that the "maximum norm" argument 

demonstrated the stability of more general dynamic systems, in which the 

rate of change of prices may be, for example, a non-linear function of 

excess demand. The results of Uzawa and McKenzie apply to these more 

-'  Morishiraa's assumptions implied the uniqueness of equilibrium, so this 
question does not arise in his proof. 
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gen-ral •/•t*w.  It !• not known wh*ther or not their theorem*  general lie 

to the ewe where there does not exist at least one strictly positive equl- 

Ilbrlua vector; It can be shown that If equilibria with sow zero componentB 

are submitted, the solutloas to the dynamic system which generalltee (l) 

can be unbounded. 

1.6. Our procedure is based on previous results which showed that (3) 

Implies both global stability and convexity of the set of equilibrium points 

(see [2], Theorem 2). Hence, we need only demonstrate that (3) holds.  We 

first show that weak gross substitutability implies that the excess demand 

for a free good must be independent of the prices of all other goods. Second, 

we show that if there exists a positive equilibrium price vector, then (3) 

holds in the case of weak gross substitutes; the method is a modification of 

the argument used in [l] for the case of strong gross substitutes. From 

these two results we can derive the validity of (3) (see Theorem 1 below). 

In the argument use is made several times of a reduction of the commod- 

ity space to a smaller number of dimensions in the following eense:  if the 

prices of a set S of commodities are put equal to zero  (P. = 0 for k e S) 

and if the excess demands for the free goods are bounded, then the system of 

excess demand functions for the remaining commodities, F. (p)  (k ^ S) , satis- 

fy all the assumptions, (H), (C), (W), (B), and (s) , considered as functions 

of the remaining prices,  P. {k ft S)   , and so any results proved for such 

systems of functions can be applied to the reduced system (see Lemma 3). 
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8.  E»wc»i Dwwmd for Fr»» Good«. 

For «Ay vector X and mcy ft  of indie«« S , w» trill denote by X_ 

the vector with component» X.  (j < 8) i thu« Po ■ fP« »•"»Pi ) » **• 

Jl»,,,»J_ are the elementi» of S . The notation F^C?)  i« understood 

similarly. Alao, S is the complement of S Wi.th respect to the set of 

indices {0, • ",m)   . 

We first demonstrate: 

Lemma 1.  If (H), (C), (W), (B), and (S) hold, then there are constants 

F° such that F (?) = F° for all F such that P • 0 . Equivalently, 

under the assumption listed, if P1  and P"  are the price vectors such 

that PI . P" . 0 , then F (P') = F (p") . 
J       J J J 

Proof:  Let P be any fixed vector such that P = 0 , k any fixed 
d 

Index, k ^ J . Write 

(M S - (r : P = 0) , so that P_ = 0 always, 
r o 

and 

(5) T « (r : P > 0 ,  r / k) . 

First, suppose P. > 0 , and consider two subcases, according as T is 

or is not null.  In the first case, 

rt 

FjCP) = F^Pg,?^ » FjCO,?^ - F,(0,1) , 



by (H)  ,  so that    F.    is  Independent of    P.   .    In the »econd c«ee,  write 

again vrlth the aid of homogeneity, 

?,{?)   - fftyf+fj  « F/O'VV  " 'j^'W1^ 

If we differentiate with respect to P. , 

»j/»*-IJ<»;,/»..)(-',/»$ • 

From (S) , the left-hand side is non-negative, the right-hand side non- 

positive, so that 

V^k-o • 

Thus F is independent of P, for all P positive and, by continuity 

(C) of F.(P) , for Pk « 0 ; since this holds for all k ^ J , the lemma 

is proved. 

In the case of strict gross substitutability  (d? / äP > 0 for J / k), 
J '   K 

it was shown in [l]. Lemma 1, that the excess demand for a free good is 

necessarily infinite, a special case of Lemma 1 of the present paper. 

Lemma 2. If F (P1) < 0 for some P1 for which P^ - 0 , then F (P) < 0 

for all P . 

Proof: For any P , define Q so that 

(6) Q. - 0 , ^ - Pk for all k ^ J . 

. m 
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fro«  (H) «od  (S)  It emtiiy follows  that    f .(P)     is a oon-locreoslag 

function of   P.   ;  from (6), 

(7) PJCP) < Pj(Q)  . 

From Lemna 1, F. fa) » F .(P ) < 0 , by hypothesis; the lemna follows 

fro«. (?)• 

Lemma 3. If assumptions (H), (C), (W), (B), and (S) hold for a vector 

F(P) of excess demand functions, and If, for some set S of Indices, 

the Inequality F#(p) < 0 holds for all P , then the vector of excess 

demand functions Fs(Ps,0) also satisfies (H), (C), (W), (B), and (S) 

ae functions of Pc ; further, if P  is any equilibrium point for 

Fs(Fs,0) , then (Pg/O)  is an equilibrium point for F(P) . 

Proof; That assumptions (H), (C), (B), and (s) hold for Fo(Pe,0) 

is obvious. Since (W) holds for F(P) , we can write 

P • F(P) - Pg « FS(PS,P?) + P^ • Fg(Ps,P?) = 0 ,  for all P 

If we let P^ approach zero monotonically, it follows from (S) that Fc 

is monotone decreasing and therefore bounded by (B) . At the same time 

Fg is bounded from below by (B) , and from above by the hypothesis 

Fj*(p) < 0 ; hence, in the limit we have 

Ps.Fs(Ps,0) -0, 

'JW"" 
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Mhich Is the Mtertlon (tf) for the »et of function« FS(PS,0) . 

If ?„    is an equllibrlu» for Fc(Pe,0) , then by definition 

Fs(Ps,0) < 0 . 

• 

Since FgCPg»©) < 0 by hypothesis,  F(P ,0) < 0 , so that  (Pg,0)  is an 

equilibrium by definition. 

3.  The "Revealed Preference" Relation Between Equilibrium and Disequilibrium 

Points. 

Theorem 1.  If F(P)  is a vector of excess demand functions satisfying (H), 

(C), (¥), (B), and (S), then 

P • F(P) > 0 

provided P is an equilibrium price vector and P is not  (P ^ 0) . 

In Section 3.1 we prove the theorem for the case P > 0 ; in 3«2 the 

general case is established. 

3.1.  The proof follows in general the lines of [l], Lemma 5« However, 

some modifications are needed: (l) In [l] the proof made essential use of 

the assumption of gross substitutabllity in the strict sense; as we shall 

see, this assumption is not needed,-'  In [1] it vas assumed that the dis- 

equilibrium price vector was positive; again we shall find this assumption 

unnecessary. 

2/ Morishlma [5l replaced the assumption of strict gross substitutabllity 
by one of indecomposability, but this is also unnecessary. 

mi   1 

tJ&fc. M 
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}.l.l.    The jfl^iltude    P • F(P)     it measured  In money and  la  Independent 

of the unltt  In which conmodities are Beasured.    Since   (in 3.1)    P > 0 ,   we 

may,   without  loss of genorallty.   assume that 

(8') 

so that 

(8") 

Pk - 1      (k «0, -•,*)  , 

F(P)   .  0   . 

For a given non-zero vector P ■ (P_,P.»•••,P ) assume the comraoditles so 
u x     in 

numbered that 

(9') 

and hence, by P ^ 0 , 

(9") 

Pk ^Pk+1  O^O,...,'*-!) . 

P0>0 . 

Then define a sequence of vectors P8 (B»0, •••,m) by the conditions that 

(10) Pk = max(P8,Pk) . 

It may easily be seen from (9') and (10) that for P » (P^, P, ,••-»P ) 
U  1    m 

(11) 

and 

V, (^ >8)» 

I 



-u- 

d») 

Ttus tue change  from    P      to    p concitts  In changing the last    D-S 

con^onents  rTom    P      to    P    ...     In more detail,   we see that 

^0* ' *'P0^ ' 

(',0'Pl»Pl',,,*PlJ ' 

JB 

• • • 

tP0'---'Pm.1'
Pn,' • 

From (8) we see that P0 = P0 P ; It follows from (H), (9")» and (8") that 

(13) F(PÜ) - 0 . 

Also, we note that 

ilk) Pm-P . 

s+1 
The last m-s con^onents of P    are, trou  (11), (12), and (9'), 

not greater than the corresponding components of P8 while the first s+1 

components are the same. Hence, by substitutability (S) 

(15) FV(P
8+1

) <?A?B)     (k<s) k 

■ r- 
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SuppoM for the KMKDt th«t    P    -   > 0 s  th»n frt» (9*)    Pg > 0  . 

Write   Q**1 - (P-/
p,a)p'*1 •    31nc« *>/ (9')    pi

/|,,4i i I ' ** ^^ 

^4l lpl    (* < •) i    Oj*1 • Pj    (k > •)    fro» UD Md  (12) ,    By  (S) 

Fk(Q841)   >Fk(P8)     (k > •)   ;  »ince by  (H)    ^(Q'*
1
)  - F^P**1)   ,   we have 

(16) Fk(P8+1)  >Fk(P8)       (k>>)   • 

The aeeumption that P , > 0 may now be dropped since by continuity (C) (l6) 
B-H 

'-LISO holds if P . » 0 . 
8+1 

The inequality (16) can also be written in the form 

Fk(P
t+1) >Fk(p

t)   (k > s > t >0) . 

By induction Pk(P
t,Ki") ^ Fir(p )  (k > s > t > 0) . But the right member of 

the last inequality vanishes by (13), and if we set t equal to s-l , we 

get 

(17) Fk(P
8) > 0  (k > s) . 

3.1.2. In 3.I.3 below we shall use the results of 3.1.1 to establish 

the following inequalities: 
■ 

(18) 
m 

,8+1 
■ 

SZMP  ) >ZIFk(
p"   (8-0,1,...,m-l) , 

k=0 k=0 

(19) if P  is an equilibrium vector, 

P    a disequilibrium vector, 

8 ■ 0,1, • • '.m-l . 

1 
* i 

—— 
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Fro« (18)  I«  follow« by Induction that    JZ^P*) > ZZ %(P0)    for 

all    •  .    S#t    • •■    and recall  (13).   then 

ZI^CP") >0 . 
k-0 

From (8) and (lk)  we can write 

(20) ö". F(P) > 0  for all P 

ja If,in adiltion, we assume that P » P  Is a disequilibrium vector, then, 

since P  is an equilibrium vector, there must be some s for which P  is 

an equilibrium vector,  P8+  a disequilibrium vector. Then with the aid of 

(19) we have by the same argument 

(21) P •F(P) > 0  for any disequilibrium P , 

which is the aswertion of the theorem. 

3.I.3. To prove (l8) and (19), we consider three cases;  (a) P8 ■ P^ . ; 

(b) P8 > P8+1 and P^, (P841) < Fkl (P
8) for some k' < s ;  (c) P8 > P, 

and F. (P8+1) » F. (P8)  for all k < s . (in view of (9) and (15), these 

cases are exhaustive.) 

(a) In this case, from (10) P « P   ; hence 

U 

(22) TZF1,(P
841

) - TZFU(P
8
)  if  P -P , . 

£0 k       fo k 8   8+1 

mmm 
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(b)     In thli eft«« w» bftv» 

.•♦1 (P3)        \,lfkAr*) - rkAp')] <P,^lf
F'k.(

p'   ) - rkf(F*)l , 

ilnce    P. ,   > P    > P by assumption and   (9)-    From (15) 

,8*1 
PjF^'P8*1)   -  Fk(P8)]  < Pß+1tFk(PB*1)   - Fk(P8)] (k < s) 

This, in conjunction with (23), yields 

(ao ,S+1N _    /„S S+ls „    /„8, £W'n) - Fk(pB)i < p8+1 g '^^   ' - Vp 'i • 

Now by  (W)  we have 

' K Fk(pB) • o - ± pr1 pk(ps>1). 
k»0 

and therefore,  with the aid of  (ll)  and  (12)     .d then {2k), 

(25) 
m 

.8-fl   _    /„8+1, 
ra 6 

>   :P;
M
 Fk(P8+i)   - T^PJ Fk(P8)  = 2:Pk[Fk(P8+1)   - Fk(p8)] 

K»0 k»0 

m 
,8+lv „    /„S, 

m 

k«8-fl k=s+l 

m 
.84-1, m 

<P.+1 S tFk(P'~)   - FJP-)]  * (,.,,)    TI, Pk(P8) 
k«0 k»e+l 

m 
• •t-l\ „    ,^8, 

< ps4l 2Z ^(P     ) - F
k(P )1 . 

  

I   1 
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th« l««t Inequality follovln« fro« (17)  and the  f*ct that    P     .- P    < 0  . 

From (25)  we must have    P    .   > 0 ,   and therefore  (25)  yield« 

(«6) ZlFk(P8+1)  >X:Fk(P8)     if    P8.1<P8    and    Fk. (P8+1)  < Fkt (p") 
k=0 k»0 

for Bome    k'   < a   . 

(c) In this case by assumption 

ksfO 

so that from  (l6) 

m r 
K=0 

m r 
k=0 (27)   nvp8+1) >sFk(p8) if P8>PB+I and Fk(p8^ - Fk(p8) 

for all    k < s 

8 8 4-1 Suppose now that    P      is an equilibrium,     P a disequ ■.librium vector. 

84l, ,d+l. Then F(P ) < 0 , so that from (15) F-CP  ) < 0 (k < s) . Since P    is 

8+1 
not an equilibrium, F (P  ) > 0 for some k so that 

Fk„(pB+1) > 0      for some      k"  > s   . 

.8+1 Since    F „ (P  )  <0 ,  F „(P + )  >F „(P )   ,   therefore,   because of  (l6), 

(28) ^VP8*1)  >ZIIPk(I>8)     if    P->P-Ai     *"•    MP8*1)  » MPS) 
■      k=0 k»0 8     8+1 

for all k < 8 , with Ps equilibrium, P84"1 disequilibrium. 

  

. •^■^PSHHn         ■ 
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Then (X8) follow  from (22),   (26),   and (27). If P* 1« equllltrlua, 

?a*L    it dAsequlllbrlua, then p" 4 P    mnd therefore P > Pg<  ; then 

(19) follows from (26) or (26). Hence, by the argument of Section 3.1.2 

(20) and (21) are demonstrated. 

?.1.U,  Remark.  Let P be any equilibrium point; then F(p) £ 0 . 

From (20) It follows that 

(29)  if there exists a positive equilibrium, then F(F)=0 for every equl- 
librium price vector P . 

3-2. We now consider the general case where the equilibrium P may 

have zero components.  Write 

(30) S = (k : Pk > 0] . 

Then P~ * 0 .  By definition of equilibrium F(p) < 0 and, in particular, 

F~(P) < 0 ; by Lemma ? 

(31) F~(p) < 0  for all P . 
b       — 

Then from (B) ,  Fg(P)  is finite-valued so that the product Fg • Fg(P)  is 

well defined and equal to zero.  Hence, 

(32) P • F(P) = Pg • PS(P) 4 Pg • Fg(p) = Ps • FS(P) . 

Si nee Pg > 0 , it follows from (S) that 

—y-C^    ^wi .IIIM»«^—P- . ■ ■!■« ^n 

~ —- 



(33) 

so thmt 

-1«- 

FS(P) . ra(pe,?t) > r<i(pa.r) , V'rl' - rs^p- 

(3M ^s^s^^ ^?s-Fs(ps'0) • 

From (31)  and Lanmia 3 the  function    F  (Pg, O)     satlafiee all the assun^ttons 

(H),   (C),   CW),   (B),   and  (S).    Further it has a positive equilibrium   P„   . 
o 

Hence, we can apply the results (21) and (29) of Section 3.1 and conclude 

that 

(35) Ps • FS(PS, 0) > 0 if Pg is not an equilibrium of F (p , 0) , 

(36) F^P^O) - 0 If P0 is an equilibrium of FC(PC, 0) 

If P  is not an equilibrium of FQ(P_,0) , then P • F(p) > 0 from 

(3?), (3tt-35). If It is, then F_(P) >0 from (33) ^d (36). If Fc.(l-
S = 0 

then, from (31), P is an equilibrium. Hence, if P is a disequilibrium 

vector, FS(P) > 0 , F (p) ^ 0 , so that 

Pg- FS(P) > 0 , 

and, by (32), F-F(P) >0 even if Pg is an equilibrium of F (p , O) . 

i+.  Statement of Theorem on Stability and Convexity of Equilibria. 

In [l], as part of the proof of Theorem 2, It was shown that the con- 

dition P • F(P) > 0 was sufficient for the convergence of solutions of both 

Ir» -.. ':-fl 
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the noa-nua»r«lrt and naa»r«Irt tyimfm;  for further dlacu»tlon •*• [t], 

Theom 2,   «here "corner«" are «xpllcit^y tn'ttedl, and it it also ahovr. 

that tv*» saae condition Inaurea tha^ the aet of  equilibria la convex. 

Hence, Theorem  1 ImplleB 

Theorem 2.  If F(P)  Is n.  vector of excess demand functions vh5ch 

are nomogeneous of degree z«?ro, continuous, bounded from below, If Walris" 

Law holds, and if all commodities are «reak gross substitutes, the.i both 

the non-numeraire and numeraire adjustiaent systems (Equations (l) and (2) 

above) are stable-/ and the set of equilibria is convex.-' 

■*  In the sense that every solution (path) converges to some equilibrium 
point. 

*/     The convexity of the set of equilibria when all commodities are ' ak 
gross substitutes was observed by McKenzie [U]. 



* 

-ao- 

RETEHHiCES 

[1]  Arrow, Kenneth J., Henry D. Block, and Leonid Hurvicz, "On the 

Stability of Con^etltlvc Equilibrium, II," Econometrica: 27 

(January, 1959): 82-109- 

[2]  Arrow, Kenneth J., and Leonid Hurwlcz, "Some Remarks on the 

Equilibria of  Economic Systems," Technical Report No. 76, O.N.R. 

Contract Nor.ir-225(50) (NR-047-004) Stanford University. 

[3]  Arrow, Kenne'h J., and Leonid Hurwlcz, "On the Stability of 

Competitive Equilibrium, I," Econometrica, 26 (1958):522-552. 

[k]      McKenzie, Lionel, "A Contribution to the Theory of Stability of 

Competitive Eqailibrium,' unpublished manuscript, 1959« 

[5]  Morisbima, Michio, "Gross Substitutability, Homogeneity, and the 

Welras' Law," unpublished manuscript, 1959« 

[6]  Uzawa, Hirofumi, "An Alternative Proof of the Stability in the 

Gross Substitute Case," Technical Report No. 60, Office of Naval 

Research, Contract N6onr-25l33, Stanford University, October 8, 

1958. ^-0 5 7^0^ 

[7]  Uzawa, Hirofumi, "On the Stability of Dynamic Processes," Technical 

Report No. 6l, Office of Naval Research, Contract N6onr-25l33, 

Stanford University, November 28, 1958. 



-20- 

REFERENCES 

[1]  Arrow. Kenneth J., Henry D. Block, and Leonid Hurwlcz, "On the 

Stability of Competitive Equilibrium, II," Econometrica: 2? 

(January, 1959): 82-109- 

[2]  Arrow, Kenneth J., and Leonid Hurwicz, "Some Remarks on the 

Equilibria of Economic Systems," Technical Report No. 76, O.N.R. 

Contract Nonr-225(50) (NR-OU7-OOU) Stanford University. (( 

[3]  Arrow, Kenneth J., and Leonid Hurwicz, "On the Stability of 

Competitive Equilibrium, I," Econometrica, 26 (1958):522-552. 

[k]      McKenzie, Lionel, "A Contribution to the 'ftieory of Stability of 

Competitive Equilibrium," unpublished manuscript, 1959» 

[5]  Morishima, Michio, "Gross Substitutability, Homogeneity, and the 

Walras1 Law," unpublibhed manuscript, 1959» 

[6]  Uzawa, Hirofumi, "An Alternative Proof of the Stability in the 

Gross Substitute Case," Technical Report No. 60, Office of Naval 

Research, Contract N6onr-25133, Stanford University, October 8, 

1958. PägytIJ 

[7]  Uzawa, Hirofumi, "On the Stability of Dynamic Processes," Technical 

Report No. 6l, Office of Naval Research, Contract N6onr-2c-133, 

Stanford University, November 28, 1958. 

//fr^ 

/• 
01 5 71 


